Birkhoff theory exhibits an analytical steady state liner collapse model of shaped charges followed by jetting process. It also provides the fundamental idea in study of shaped charges and has widened its application in many areas, including a configuration where the detonation front strikes the entire liner surface at the same time providing the α = β (liner apex angle α, and the liner collapse point angle β) condition in the literature. Upon consideration of the detonation front propagation along the lateral length of the core charge in LSCs (linear shaped charges), a further modification of the Birkhoff theory motivated by the unique geometrical condition of LSCs and the α = β condition is necessary to correctly describe the jetting behavior of LSCs which is different than that of CSCs (conical shaped charges). Based on such unique geometrical properties of LSCs, the original Birkhoff theory was modified and an analytical steady state LSCs model was built. The analytical model was then compared to the numerical simulation results created from Autodyn™ in terms of M/C ratio and apex angles in three different sized LSCs, and it exhibits favorable results in a limited range.
Introduction
In the typical jet formation process of LSCs (linear shaped charges), the liner collapse process during the detonation gas expansion is an important aspect determining the performance of LSCs.
OPEN ACCESS
Because of the unique geometrical shape of LSCs, which are comprised of flat long liners and multiple claddings necessary in the manufacture as well as provision of confinement effects for the explosive charge, an approach to understand the performance of LSCs must be analyzed with a different perspective. For example, in a conventional application of CSCs (conical shaped charges), the top-apex initiation of CSCs followed by the gradual sweeping of detonation propagation from top to bottom of the liner provides for detonation propagation and jet projection both in the same axis, generating a focused penetration in a single-point fashion and facilitating better penetration performance. However, the linearly long-shaped LSCs, accompanied with a typical single end-point initiation, operate with different axes for the detonation propagation and the jetting projection, decreasing the penetration performance. When a detonation propagates along the length of LSCs, the interaction between the liner of LSCs and the detonation front is in a different regime than that of CSCs, creating a simultaneous projection of the entire liner without the typical gradual liner collapse occurred in CSCs.
An analytical approach of such simultaneous movement of the entire liner is described in Birkhoff theory by applying the α = β assumption, representing an identical apex and collapse angle during the liner collapse in the original equations. The resulting velocity of jetting and slug was calculated as follows [1] .
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where V , V , V , α and β are the jet, slug, liner velocity, original apex angle, and liner collapse angle respectively. Any explosive system where the α = β condition can be applied should operate according to the same concept. Initiated from Birkhoff, there have been few publications about the motion of the LSC liner, including an analytical approximation of LSCs utilizing a vector approach [2] , and the development of a numerical simulation code LESCA specifically designed for LSCs applications in combination of numerical approaches and a series of analytical approximations [3] .
Analysis of the steady state liner motion of LSCs herein was motivated by the α = β condition because it describes very well the liner motion of LSCs following detonation propagation. In this paper, a steady state equation of motion of LSCs liner will be built and compared to a numerical simulation results to evaluate the applicability.
Steady State Equation of Motion of LSCs
In this section, the liner motion of LSCs is identified first, and a detailed steady state equation of motion will be developed based on the geometrical uniqueness of LSCs.
Upon detonation of the core charges in LSCs, the flat liner interacts with the detonation gas in a side direction creating a simultaneous movement of the entire liner at a given station along the length, maintaining the α = β condition. This is different than that of progressive liner collapse starting from top to bottom of the liner occurred in CSCs (Figure 1, Top) .
This occurs at the detonation front plane at ∆OGF. However, due to the apex angle and the liner distance, the liner gradually closes the gap between liners generating a diagonal collapse line OB along the liner while the liner collapse angle is maintained in a constant value. Assume that the diagonal collapse line OB is perpendicular to the jetting plane, and the jetting plane is under different angle with the detonation front plane ∆OGF. Because the jetting plane and the detonation plane is in different angle, the α = β condition cannot be maintained requiring a different set of apex and collapse angles (Figure 1 ). The α = β condition described above is only applicable in the detonation front plane ∆OGF. In order to develop a new set of apex and collapse angles, the specific liner collapse condition should be identified. The original apex angle α of the LSCs should be in the same plane as the detonation front plane ∆OGF. The jetting should be perpendicular to the line OB creating two jetting planes of ∆OED (before collapse starts) and A'HE D I (liner collapse in progress). The two planes of ∆OED and A'HE D I are in parallel, and these two planes bears the two important liner angles of modified apex angle before liner collapse, α , and collapse angle β (Figure 2 ). Once these two angles are identified, they will be applied to the Birkhoff theory later. In the detonation front plane of ∆OGF where the liner collapse starts, the liner collapse completion time should be the same as time to take the liner reaches the center (1/2 GF ). Because we assume that the liner projects perpendicular to the liner surface with velocity , the following approximated relation about can be made from the Figure 3 . 
where, is the liner length, and is the liner collapse completion time. The detonation front travel distance while the liner collapse completes can be calculated from the liner collapse completion time because the detonation front moves along the lateral length of the liner with the detonation velocity, . The detonation front travel distance is BD and (Figure 4 ). In order to find the collapse point angle, h should be identified first. From the geometrical descriptions in Figure 4 , the following relations can be made.
From the jetting plane ∆A E D in Figure 4 , the collapse point angle β can be calculated from the following, 1
The next step is to find the modified apex angle α which is different than that of the original apex angle α.
From the ∆OED in Figure 2 , the length OD or OE should be identified to find α , and the length ED is 2
. Because OB is perpendicular to the jetting plane ∆OED before collapse, the following geometrical similarity relations can be made ( Figure 5 ). : :
As a result, the collapse point angle β and the modified apex angle α are,
and 1
Now, the collapse point angle β and the modified apex angle α are determined from the three dimensional geometrical configuration of LSCs. The next step is to apply the results in the Birkhoff theory to achieve the jet and slug velocities. Because the liner collapse behavior in the jetting plane A'HE D I in Figures 1 and 2 is identical to the original Birkhoff theory derivation, the following equations can be used ( Figure 6 ). 
Detailed derivation of the equations is omitted to simplify the report. The only difference in between the original Birkhoff and the modified Birkhoff theory is the direction of the detonation front movement. The original Birkhoff theory assumed the sweeping detonation effect from top to the bottom of the liner. The modified Birkhoff theory, however, assumes a diagonal direction of the detonation front movement along the LSCs liner because of the different jetting and detonation front plane. This effect will be further discussed in later section.
Numerical Simulation and Comparison of the Results
Based on the Equations (10-13), the jet and slug velocity of typical LSCs were generated and compared to numerical simulation results created from a commercial hydrocode Autodyn™. Because there is no direct relation between the detonation and LSCs liner velocity in the equations above, the following Gurney analysis of an asymmetric open-face sandwich configuration was added in the calculation [4] .
where is the liner velocity, √2 is Gurney velocity, M and C are the unit mass of liner and explosives in ρ y (density and thickness). For the numerical simulation, the copper liner thickness was varied from 0.5, 1 and 1.5 mm, and the thickness of C4 explosives were varied to maintain the M/C values in the range of 1 to 5 with an asymmetric square shaped liner and explosives representing a reasonable size of LSCs. The material properties of the liner and explosives were determined to be identical in both theoretical and numerical calculations as shown in Table 1 . To compare the results between the analytical calculations of the steady-state modified Birkhoff theory and the numerical simulation results, the jet velocity in the numerical simulation was measured in three different liner collapse completion rates to achieve a general tendency of the jet velocity. The jet velocity in the numerical simulation was measure at 25%, 50% and 75% of liner collapse completion stages and tabulated in Table 2 , and the average values are included in Figure 7 . The entire LSCs liner was designed with α = 40° and = 25 mm. Because the modified Birkhoff theory is a steady state condition generating a single value in a single set of LSC configuration, a detailed match to the numerical simulation results having a velocity gradient is not expected. Especially, when the jet velocity during the liner collapse exhibits a nonlinear behavior, the comparison may increase significant errors. However, the average value of the jet velocity gradient during the liner collapse in 25%, 50% and 75% is almost identical to the 50% value, it is believed that the comparison is reasonable.
The comparison between the analytical calculation and the numerical simulation results shows a clear trend. The two values follow a similar curve in the entire range of M/C values, however, the values are close in higher M/C, and somewhat different in lower M/C value. One of the reasons of the differences in lower M/C range can be the rarefaction issues. In a higher M/C configuration with less explosives charge, the liner should be affected less by rarefaction effects from the explosives charges surface during the detonation, generating quite similar values in between the two results.
In the lower M/C range, however, the liner should experience a significant effect from the rarefaction from the charge surface due to the comparatively large surface area, decreasing the effective charges weight [7] . Because the analytical model doesn't consider the rarefaction effects or effective charge weight in the calculation, we see differences in jet velocity between the model and the hydrocode predictions in the low-M/C range. In this case, the velocity of the modified Birkhoff theory would be larger than the simulation results, but it shouldn't be considered here without experimental data. Another issue for the difference is the under-estimation of the Gurney calculation in small M/Cs. In general the Gurney approach exhibits a gradually underestimated plate velocity below M/C = 1 and when it reaches below M/C = 0.3, it should be recognized that the Gurney results will be a lower bound for the actual velocity [8] . Because the jet velocity is greatly affected by the liner velocity, a slight change in the liner velocity may generate large differences in jetting. In addition, the sweeping detonation in the flat liner should be under the consideration of the Taylor projection angle. The modified Birkhoff theory, however, does not clearly address the issue in the derivation generating a slight change in the jet projection direction [9] .
The slug velocity of the modified Birkhoff theory and the simulation results are compared as well in Figure 8 . The slug velocity of the modified Birkhoff theory shows somewhat higher values in the entire range of the M/Cs than that of the simulation results. However the differences ranging from 0.04 to 0.15 km/s and ±0.08 km/s as an average difference are believed to be reasonable.
The original apex angle of LSCs is another important factor that controls the jet and slug velocities. According to the Birkhoff theory, a large apex angle creates slower jet velocity but slightly faster slug velocity, and the same tendency can be applied to the modified Birkhoff theory as well. Results comparing dependencies of the jet and slug velocities on the original apex angles follow (Table 3) . The jet velocity difference between the modified Birkhoff and numerical simulation results are quite similar in the range of higher original apex angles. The differences range from 0.07 up to 0.98 km/s with the lower original apex angle exhibiting the most difference in jet velocity, and high accuracy for higher original apex angles. The reason for this difference in the range of lower original apex angle is not clearly known at this point, but it probably represents the fundamental problem of steady-state assumption that we made in the derivation. The nonlinearity of the numerical simulation produces faster jetting at smaller apex angles which cannot be described by the steady-state equation. This falls into the same regime with the comparison in Figure 7 .
In summary, the comparison between the two approaches including the analytical calculation of the modified Birkhoff theory and numerical simulation results in terms of jet and slug velocity showed somewhat favorable results in a limited range depending on the original apex angle, M/C ratio and other configuration properties.
Discussion
Birkhoff discussed the α = β condition and subsequent changes of the original equation in the literature, and it opens another possibility of the application of such theory into LSCs. The comparison between the α = β condition in the literature and the modified Birkhoff theory described herein exhibits a definite difference. The jet velocity is almost identical in the range of over 25° of original apex angle representing the jetting plane is quite similar angle with the detonation front plane in the modified Birkhoff. However this tendency is interrupted below 25° of the original apex angle in the α = β condition ( Figure 9 ).
The α = β condition creates a significant increase of the jet velocity near 0° original apex angle. This occurrence does not follow the theoretical results from the original Birkhoff theory, limiting its application, and the jet velocity in the range of large original apex angle decreases in general. In terms of the geometrical perspective, a LSC with a large original apex angle (close to 90°) cannot be a type of shaped charge anymore because the liner angle then creates no definite jetting. It then to EFP (Explosively Formed Projectiles) formation, with no clear jetting behavior, and the projectile (or whatever comes out of the liner surface) velocity should then be identical to the pure liner velocity calculated from Gurney analysis. Figure 10 exhibits a general jet velocity tendency of the modified Birkhoff theory depending on the original apex angle, and it follows the liner projection tendency described above. This point can be another favorable aspect of the modified Birkhoff theory because it covers both shaped charges and EFPs regime, providing all possible scenarios from the liner configuration in terms of the projectile velocity. When the original apex angles reaches to 90° the jetting process cannot occur, but the center of the flat liner bulged out due to the incoming rarefaction from the edge of the explosives surface creating a large chunk of EFP slug. In this case, the use of jetting criteria in understanding of the penetration performance wouldn't be reasonable, but a different penetration concept with an aerodynamically stable huge EFP slug capable of long distance travel should be applied. This approach is quite similar with the jet vs. no-jet criteria in the explosives welding application [10] in a rather different perspective.
Conclusions
Birkhoff theory opens an analytical approach in understanding of the shaped charge jetting process, and has been widely used for the study of shaped charges. This theory was designed for CSCs primarily. This work has developed an analytical approach for LSCs utilizing the same concept of Birkhoff theory based on the geometrical uniqueness of LSCs and the detonation front interaction with the flat liner.
In general, it is able to identify a general liner collapse behavior based on the analytical calculation of the steady-state modified Birkhoff theory. The comparison between the analytical calculation and the numerical simulation facilitates to identify the general tendency of the analytical calculation with some differences in a limited range. Due to the nature of the steady-state and non-steady-state conditions, the comparisons of the two different results probably exhibit some differences. However, the differences are limited in the given data ranges, and experimental data are necessary for more definite and further evaluation of the analytical steady-state approach.
